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1 Intr oduction

Many of theperformancerequirementsof theSIM missioncanbesummarizedin a σ–τ plot, in which theallowable
error σ is expressedasa function of the averagingtime τ. It hasbeensuggestedthat the Allan varianceσ2

A is the

appropriatequantity for theseplots; that is, the Allan deviation σ
�
τ ����� σ2

A

�
τ � is a good estimatorof the error

in anaveragedmeasurementof the noise-equivalentpathlengthx � Indeedthatstatisticaltool—whichwasoriginally
developedto characterizethe frequency stability of clocks—canbe appliedto the type of datageneratedin SIM
researchandmeasurements.Thepurposeof this noteis to definetheparticularform of Allan variancethatwe useas
ametricfor characterizingperformanceof theMetgaugeexperiments.

2 Time-domaindefinition

For concreteness,considerthe outputof an experimentthat generatesa datastreamrepresentinga displacementx
(suchasaninterferometricallymeasuredpathlength)asa functionof time. Denotethek’ th averageof x overduration
τ by xk. Assumethat thedatain handis of durationseveralτ, soa seriesof adjacentnon-overlappingaveragescan
bedefined,asin Figure1. We areinterestedin estimatingσ, theexpectederror in x whenaveragedover time τ. The
following definition([CL90], [LA84], [Ega88], [Spe99], [PKK91]) of Allan varianceapplies

σ2
Ax
� 1

m

m

∑
k � 1

�
xk � 1 	 xk � 2

2
� (1)

That is, theAllan varianceis onehalf of themean-squareof thedifferencesof successive averages.For comparison,
theeverydayvarianceof theτ-durationmeanis

σ2
x � 1

m

m

∑
k � 1

�
xk � 1 	 x � 2 
 (2)

wherex is the averageover the whole dataset. In the SIM mission,stability betweenadjacentaveriging periods
(Equation1) is usuallymorerelevantthanthestabilitywith respectto aglobalmean(Equation2); thereforeweadopt
theformerasthemetricfor estimatingerrorsin themetrologygauge.

TheAllan deviation is definedasthesquarerootof theAllan variance.

3 Variations and data example

Notethatsomeauthors([Wal94], [Gre97])assumethattheraw datais phaseerror, andthatthequantityof interestis
frequency error. This introducesa“seconddifference”complicationto thecomputationthatis relevantto theproblem
of inferring the frequency stability of clocksfrom measurementsof phasestability, but is irrelevant to our purposes.
In particular, it removestheerrorfrom aconstantslope,which is oftenthequantityof interestwherethermallydriven
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Figure1: Averagingof inputdataoversuccessive time intervalsτ. In this illustrationthenoiseis normallydistributed
(“white”) andtheaveraginginterval is τ � 5 samplepoints.Thehorizontalstepheightsstepscorrespondto thexk of
Equation1.

drifts areimportant.Thecomparisonof thecorrectAllan deviation andthephase-based“SecondDifference”Allan
deviation in Figure3 shows thattheseconddifferenceformulationunderestimatestheerrorat largeaveragingtime.

Anothertwist is the introductionof theModified Allan variance,in which thestraightforwardaveragesof Equa-
tion 1 are replacedby an averageof sliding averages([LA84]). The purposeof this modificationis to make the
inferenceof Power SpectralDensity(PSD)from Allan variancemoreprecise.However this inversionprocessis at
bestapproximate,andsincewealwayshavethePSDavailabledirectly thereseemslittle benefitto usingtheModified
Allan variance.([LA84] evenadvisesagainsttheuseof Modσ2

A, basedonananalysisof its statisticalproperties.)
TheAllan varianceandits friendscanalsobecomputedstartingwith thePSD.In general,

σ2 ��� ∞

0
S
�
f � h2 � f � d f 
 (3)

whereS
�
f � is thePSDof thetime-series,σ standsfor thethreetypesof variance,andtheform of theweightingfactor

h2 � f � determineswhich σ is calculated.Theweightingfactorsfor varianceandAllan variancearegivenin Table1.
For reference,theweightingfactorfor theModifiedAllan varianceis

h2 � f ��� 2sin4 � π f τ �
n2π2τ2 f 2 � n � n � 1

∑
k � 1

�
n 	 k � cos

� k
n

2π f τ ��� (4)

wherethereare n sliding averagesegmentsper averagingtime τ � This reducesto the form in the secondrow of
Table1 whenn � 1. A comparisonof thesemethodsappliedto thesamedatasetis shown in Figure3. Evidently, the
PSD-basedcalculationsbecomeinaccuratefor largeτ �
References

[CL90] BruceL. Conroy andDuc Le. Measurementof Allan varianceandphasenoiseat fracitonsof a millihertz.
Rev. Sci. Instrum, 61(6):1720–1723,June1990.

2



Metric Timedomainweighting h2 � f � Reference

Variance σ Fig. 2a 2 � sinπ f τ
π f τ � 2

[Pap77],eq.10–34

Allan Variance σA Fig. 2b 2 � sin2 π f τ
π f τ � 2

[PKK91]

ModifiedAllan Variance ModσA Fig. 2c Equation4 [LA84]

Table1: Weightingfactorsin time-andfrequency-domainfor computationof variance,Allan variance,andModified
Allan variance.
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Figure2: Schematicof thealgorithmfor calculatingvariance(a), Allan variance(b), andModifiedAllan variance(c).
Thehorizontalbarsareeachof durationequalto theaveragingtime τ; thestaggeredsequenceof barsin c is meantto
indicateasequenceof slidingaverages,after[LA84].

3



1� 10 100� 1000 10000�
Averaging time (secs)�0

1

10

100

rm
s 

E
rr

or
 (

pm
)

Comparison of variances and calculation methods
Data set:  thorpd_1.dat;  50,000 sec at 10 Hz;  100 kHz beat averaged on−board
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Figure3: Comparisonof differentmethodsof calculatingvarioustypesof variance;basedonacommon50,000-second
datasetfrom a benchtopbeamlauncherreferencesignal.
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